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The ϒ(nS) → BcDs , BcDd weak decays are studied with the pQCD approach ﬁrstly. It is found that 
branching ratios Br(ϒ(nS) → BcDs) ∼ O(10−10) and Br(ϒ(nS) → BcDd) ∼ O(10−11), which might be 
measurable in the future experiments.
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Since the discovery of bottomonium (the bound states of the 
bottom quark b and the corresponding antiquark b¯, i.e., bb¯) at Fer-
milab in 1977 [1,2], remarkable achievements have been made in 
the understanding of the properties of bottomonium, thanks to the 
endeavor from the experiment groups of CLEO, BaBar, Belle, CDF, 
D0, LHCb, ATLAS, and so on [3]. The upsilon, ϒ(nS), is the S-wave 
spin-triplet state, n3S1, of bottomonium with the well established 
quantum number of IG J PC = 0−1−− [4]. The typical total widths of 
the upsilons below the kinematical open-bottom threshold (where 
the radial quantum number n = 1, 2 and 3) are a few tens of keV 
(see Table 1), at least two orders of magnitude less than those 
of bottomonium above the B B¯ threshold. (Note that for simplicity,
ϒ(nS) will denote the ϒ(1S), ϒ(2S) and ϒ(3S) mesons in the fol-
lowing content if not speciﬁed explicitly.) As it is well known, the 
ϒ(nS) meson decays primarily through the annihilation of the bb¯
pairs into three gluons, which are suppressed by the phenomeno-
logical Okubo–Zweig–Iizuka rule [5–7]. The allowed G-parity con-
serving transitions, ϒ(nS) → ππϒ(mS) and ϒ(nS) → ηϒ(mS)
where 3 ≥ n > m ≥ 1, are greatly limited by the compact phase 
spaces, because the mass difference mϒ(3S) −mϒ(2S) is just slightly 
larger than 2mπ , and mϒ(2S) − mϒ(1S) is just slightly larger than 
mη . The coupling strengths of the electromagnetic and radiative 
interactions are proportional to the electric charge of the bottom 
quark, Qb = −1/3 in the unit of |e|. Besides, the ϒ(nS) meson can 
also decay via the weak interactions within the standard model, al-
though the branching ratio is small, about 2/τBϒ ∼O(10−8) [4], 
where τB and ϒ are the lifetime of the Bu,d,s meson and the to-
tal width of the ϒ(nS) meson, respectively. In this paper, we will 
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SCOAP3.study the ϒ(nS) → BcDs , BcDd weak decays with the perturbative 
QCD (pQCD) approach [8–10]. The motivation is listed as follows.
From the experimental point of view, (1) over 108 ϒ(nS) data 
samples have been accumulated by the Belle detector at the KEKB 
and the BaBar detector at the PEP-II e+e− asymmetric energy col-
liders [11] (see Table 1). It is hopefully expected that more and 
more upsilons will be collected with great precision at the running 
upgraded LHC and the forthcoming SuperKEKB. An abundant data 
samples offer a realistic possibility to search for the ϒ(nS) weak 
decays which in some cases might be detectable. (2) The signals 
for the ϒ(nS) → BcDs,d weak decays should be clear and easily 
distinguishable from background, because the back-to-back ﬁnal 
states with opposite electric charges have deﬁnite momentums and 
energies in the center-of-mass frame of the ϒ(nS) meson. In addi-
tion, the identiﬁcation of either a single ﬂavored Ds,d or Bc meson 
can be used not only to avoid the low double-tagging eﬃciency 
[12], but also to provide an unambiguous evidence of the ϒ(nS)
weak decay. It should be noticed that on one hand, the ϒ(nS)
weak decays are very challenging to be observed experimentally 
due to their small branching ratios, on the other hand, any evi-
dences of an abnormally large production rate of either a single 
charmed or bottomed meson might be a hint of new physics be-
yond the standard model [12].
From the theoretical point of view, the ϒ(nS) weak decays per-
mit one to cross check parameters obtained from the B meson 
decays, to further explore the underlying dynamical mechanism 
of the heavy quark weak decay, to test various theoretical ap-
proaches and to improve our understanding on the factorization 
properties. Phenomenologically, the ϒ(nS) → BcDs , BcDd weak 
decays are favored by the color factor due to the external W emis-
sion topological structure, and by the Cabibbo–Kabayashi–Maskawa 
(CKM) elements |Vcb| due to the b → c transition, so usually their 
branching ratio should not be too small. In addition, these two de-
cay modes are the U -spin partners with each other, so the ﬂavor  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Summary of the mass, total width and data samples of the ϒ(1S, 2S, 3S) mesons.
Meson Properties [4] Data samples (106) [11]
Mass (MeV) Width (keV) Belle BaBar
ϒ(1S) 9460.30± 0.26 54.02± 1.25 102± 2 . . .
ϒ(2S) 10023.26± 0.31 31.98± 2.63 158± 4 98.3± 0.9
ϒ(3S) 10355.2± 0.5 20.32± 1.85 11± 0.3 121.3± 1.2symmetry breaking effects can be investigated. However, as far as 
we know, there is no study concerning on the ϒ(nS) → BcDs,d
weak decays theoretically and experimentally at the moment. We 
wish this paper can provide a ready reference to the future experi-
mental searches. Recently, many attractive methods have been fully 
developed to evaluate the hadronic matrix elements (HME) where 
the local quark-level operators are sandwiched between the initial 
and ﬁnal hadron states, such as the pQCD approach [8–10], the 
QCD factorization [13–15] and the soft and collinear effective the-
ory [16–19], which could give an appropriate explanation for many 
measurements on the nonleptonic Bu,d decays. In this paper, we 
will estimate the branching ratios for the ϒ(nS) → BcDs,d weak 
decays with the pQCD approach to offer a possibility of searching 
for these processes at the future experiments.
This paper is organized as follows. Section 2 is devoted to the 
theoretical framework and the amplitudes for the ϒ(nS) → BcDs,d
decays. We present the numerical results and discussion in sec-
tion 3, and conclude with a summary in the last section.
2. Theoretical framework
2.1. The effective Hamiltonian
Using the operator product expansion and renormalization 
group equation, the effective Hamiltonian responsible for the 
ϒ(nS) → BcDs,d weak decays is written as [20]
Heff = GF√
2
∑
q=d,s
{
VcbV
∗
cq
2∑
i=1
Ci(μ) Q
q
i (μ)
− VtbV ∗tq
10∑
j=3
C j(μ) Q
q
j (μ)
}
+H.c., (1)
where GF = 1.166 × 10−5 GeV−2 [4] is the Fermi coupling con-
stant; the CKM factors are expressed as a power series in the 
Wolfenstein parameter λ ∼ 0.2 [4],
VcbV
∗
cs = +Aλ2 −
1
2
Aλ4 − 1
8
Aλ6(1+ 4A2) +O(λ7), (2)
VtbV
∗
ts = −VcbV ∗cs − Aλ4(ρ − iη) +O(λ7), (3)
for the ϒ(nS) → BcDs decays, and
VcbV
∗
cd = −Aλ3 +O(λ7), (4)
VtbV
∗
td = +Aλ3(1− ρ + iη) +
1
2
Aλ5(ρ − iη) +O(λ7), (5)
for the ϒ(nS) → BcDd decays. The Wilson coeﬃcients Ci(μ) sum-
marize the physical contributions above the scale of μ, and have 
been reliably calculated to the next-to-leading order with the 
renormalization group assisted perturbation theory. The local op-
erators are deﬁned as follows.
Q q1 = [c¯αγμ(1− γ5)bα][q¯βγ μ(1− γ5)cβ ], (6)
Q q = [c¯αγμ(1− γ5)bβ ][q¯βγ μ(1− γ5)cα], (7)2Q q3 =
∑
q′
[q¯αγμ(1− γ5)bα][q¯′βγ μ(1− γ5)q′β ], (8)
Q q4 =
∑
q′
[q¯αγμ(1− γ5)bβ ][q¯′βγ μ(1− γ5)q′α], (9)
Q q5 =
∑
q′
[q¯αγμ(1− γ5)bα][q¯′βγ μ(1+ γ5)q′β ], (10)
Q q6 =
∑
q′
[q¯αγμ(1− γ5)bβ ][q¯′βγ μ(1+ γ5)q′α], (11)
Q q7 =
∑
q′
3
2
Qq′ [q¯αγμ(1− γ5)bα][q¯′βγ μ(1+ γ5)q′β ], (12)
Q q8 =
∑
q′
3
2
Qq′ [q¯αγμ(1− γ5)bβ ][q¯′βγ μ(1+ γ5)q′α], (13)
Q q9 =
∑
q′
3
2
Qq′ [q¯αγμ(1− γ5)bα][q¯′βγ μ(1− γ5)q′β ], (14)
Q q10 =
∑
q′
3
2
Qq′ [q¯αγμ(1− γ5)bβ ][q¯′βγ μ(1− γ5)q′α], (15)
where Q q1,2, Q
q
3,···,6, and Q
q
7,···,10 are usually called as the tree 
operators, QCD penguin operators, and electroweak penguin op-
erators, respectively; α and β are color indices; q′ denotes all the 
active quarks at the scale of μ ∼O(mb), i.e., q′ = u, d, s, c, b; and 
Qq′ is the electric charge of the q′ quark in the unit of |e|.
2.2. Hadronic matrix elements
Theoretically, to obtain the decay amplitudes, the remaining 
essential work and also the most complex part is the calcula-
tion of the hadronic matrix elements of local operators as accu-
rate as possible. Combining the kT factorization theorem [21] with 
the collinear factorization hypothesis, and based on the Lepage–
Brodsky approach for exclusive processes [22], the HME can be 
written as the convolution of universal wave functions reﬂecting 
the nonperturbative contributions with hard scattering subampli-
tudes containing the perturbative contributions within the pQCD 
framework, where the transverse momentums of quarks are re-
tained and the Sudakov factors are introduced, in order to regulate 
the endpoint singularities and provide a naturally dynamical cutoff 
on the nonperturbative contributions [8–10]. Generally, the decay 
amplitude can be separated into three parts: the Wilson coeﬃ-
cients Ci incorporating the hard contributions above the typical 
scale of t , the process-dependent scattering amplitudes T account-
ing for the heavy quark decay, and the universal wave functions 
including the soft and long-distance contributions, i.e., ∫
dxdb Ci(t) T (t, x,b)(x,b)e
−S , (16)
where x is the longitudinal momentum fraction of valence quarks, 
b is the conjugate variable of the transverse momentum kT , and 
e−S is the Sudakov factor.
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In the center-of-mass frame of the ϒ(nS) mesons, the light cone 
kinematic variables are deﬁned as follows.
pϒ = p1 = m1√
2
(1,1,0), (17)
pBc = p2 = (p+2 , p−2 ,0), (18)
pDs,d = p3 = (p−3 , p+3 ,0), (19)
ki = xi pi + (0,0, kiT ), (20)

‖
ϒ =
1√
2
(1,−1,0), (21)
p±i = (Ei ± p)/
√
2, (22)
s = 2 p2·p3, (23)
t = 2 p1·p2 = 2m1 E2, (24)
u = 2 p1·p3 = 2m1 E3, (25)
p =
√
[m21 − (m2 +m3)2] [m21 − (m2 −m3)2]
2m1
, (26)
where xi is the longitudinal momentum fraction; kiT is the trans-
verse momentum; p is the common momentum of ﬁnal states; 

‖
ϒ is the longitudinal polarization vector of the ϒ(nS) meson; 
m1 = mϒ(nS) , m2 = mBc and m3 = mDs,d denote the masses of the 
ϒ(nS), Bc and Ds,d mesons, respectively. The notation of momen-
tum is displayed in Fig. 2(a).
2.4. Wave functions
With the notation of Refs. [23,24], the HME of diquark operators 
squeezed between the vacuum and the ϒ(nS), Bc , Dq mesons are 
deﬁned as follows.
〈0|bi(z)b¯ j(0)|ϒ(p1, ‖)〉
= 1
4
fϒ
∫
dk1 e
−ik1·z
{
/‖
[
m1 φ
v
ϒ(k1) − /p1 φtϒ(k1)
]}
ji
, (27)
〈B+c (p2)|c¯i(z)b j(0)|0〉
= i
4
f Bc
∫
dk2 e
ik2·z
{
γ5
[
/p2 φ
a
Bc (k2) +m2 φpBc (k2)
]}
ji
, (28)
〈D−q (p3)|q¯i(z)c j(0)|0〉
= i
4
f Dq
∫ 1
0
dk3 e
ik3·z
{
γ5
[
/p3 φ
a
Dq (k3) +m3 φpDq (k3)
]}
ji
, (29)
where fϒ , f Bc , f Dq are decay constants.
Because of the relations, mϒ(nS)  2mb , mBc  mb + mc , and 
mDq  mc + mq (see Table 2), it might assume that the motion 
of the valence quarks in the considered mesons is nearly nonrela-
tivistic. The wave functions of the ϒ(nS), Bc , Dq mesons could be 
approximately described with the nonrelativistic quantum chromo-
dynamics [25–27] and Schrödinger equation. The wave functions 
of a nonrelativistic three-dimensional isotropic harmonic oscillator 
potential are given in Ref. [28],
φvϒ(1S)(x) = A xx¯exp
{
− m
2
b
8β21 x x¯
}
, (30)
φtϒ(1S)(x) = B (x− x¯)2 exp
{
− m
2
b
8β2 x x¯
}
, (31)1φ
t,v
ϒ(2S)(x) = C φt,vϒ(1S)(x)
{
1+ m
2
b
2β21 x x¯
}
, (32)
φ
t,v
ϒ(3S)(x) = D φt,vϒ(1S)(x)
{(
1− m
2
b
2β21 x x¯
)2 + 6}, (33)
φaBc (x) = E xx¯exp
{
− x¯m
2
c + xm2b
8β22 x x¯
}
, (34)
φ
p
Bc
(x) = F exp
{
− x¯m
2
c + xm2b
8β22 x x¯
}
, (35)
φaDq (x) = G xx¯exp
{
− x¯m
2
q + xm2c
8β23 x x¯
}
, (36)
φ
p
Dq
(x) = H exp
{
− x¯m
2
q + xm2c
8β23 x x¯
}
, (37)
where βi = ξiαs(ξi) with ξi =mi/2; parameters A, B , C , D , E , F , G , 
H are the normalization coeﬃcients satisfying the following con-
ditions∫ 1
0
dxφv,tϒ(nS)(x) = 1,
∫ 1
0
dxφa,pBc (x) = 1,∫ 1
0
dxφa,pDq (x) = 1. (38)
The shape lines of the distribution amplitudes φv,tϒ(nS)(x) and 
φ
a,p
Bc
(x) have been displayed in Ref. [28], which are basically con-
sistent with the physical picture that the valence quarks share 
momentums according to their masses.
Here, one may question the nonrelativistic treatment on the 
wave functions of the Ds,d mesons, because the motion of the 
light valence quark in D meson is commonly assumed to be rela-
tivistic, and the behavior of the light valence quark in the heavy–
light charmed Ds,d mesons should be different from that in the 
heavy–heavy Bc and ϒ(nS) mesons. In addition, there are sev-
eral phenomenological models for the Ds,d meson wave functions, 
for example, Eq. (30) in Ref. [29]. The D wave function, which is 
widely used within the pQCD framework, and is also favored by 
Ref. [29] via ﬁtting with measurements on the B → DP decays, is 
written as
φD(x,b) = 6 xx¯
{
1+ CD(1− 2x)
}
exp
{
− 1
2
w2b2
}
, (39)
where CD = 0.5 and w = 0.1 GeV for the Dd meson; CD = 0.4 and 
w = 0.2 GeV for the Ds meson; the exponential function repre-
sents the kT distribution. The same model of Eq. (39) is usually 
taken as the twist-2 and twist-3 distribution amplitudes in many 
practical applications [29].
To show that the nonrelativistic description of the Ds,d wave 
functions seems to be acceptable, the shape lines of the D wave 
functions are displayed in Fig. 1. It is clearly seen from Fig. 1
that the shape lines of both Eq. (36) and Eq. (37) have a broad 
peak at the small x regions, while the distributions of Eq. (39) is 
nearly symmetric to the variable x. This fact may imply that al-
though the nonrelativistic model of the D wave functions is crude, 
Eq. (36) and Eq. (37) can reﬂect, at least to some extent, the fea-
ture that the light valence quark might carry less momentums than 
the charm quark in the Ds,d mesons. In addition, the ﬂavor asym-
metric effects, and the difference between the twist-2 and twist-3 
distribution amplitudes are considered at least in part by Eq. (36)
and Eq. (37). In the following calculation, we will use Eq. (36) and 
Eq. (37) as the twist-2 and twist-3 distribution amplitudes of the 
Ds,d meson, respectively.
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functions in (c), where φaDq (x), φ
p
Dq
(x), and φD (x, b) correspond to Eq. (36), Eq. (37), and Eq. (39), respectively.
Fig. 2. Feynman diagrams for the ϒ(nS) → Bc Ds decay with the pQCD approach, including the factorizable emission diagrams (a, b), the nonfactorizable emission diagrams 
(c, d), the nonfactorizable annihilation diagrams (e, f), and the factorizable annihilation diagrams (g, h).2.5. Decay amplitudes
The Feynman diagrams for the ϒ(nS) → BcDs decay are shown 
in Fig. 2. There are two types: the emission and annihilation 
topologies, where diagram with gluon attaching to quarks in the 
same meson and between two different mesons are entitled fac-
torizable and nonfactorizable diagrams, respectively.
By calculating these diagrams with the pQCD master for-
mula (16), the decay amplitudes of ϒ(nS) → BcDq decays (where 
q = d, s) can be expressed as:
A(ϒ(nS) → BcDq) =
√
2GF π fϒ f Bc f Dq
C F
N
m3ϒ (ϒ ·pDq )
×
{
VcbV
∗
cq
[
ALLa+b a1 +ALLc+d C2
]
− VtbV ∗tq
[
ALLa+b (a4 + a10)
+ASPa+b (a6 + a8) +ALLc+d (C3 + C9) +ASPc+d (C5 + C7)
+ALLe+ f (C3 + C4 −
1
2
C9 − 1
2
C10) +ALRe+ f (C6 −
1
2
C8)
+ALLg+h (a3 + a4 −
1
2
a9 − 1
2
a10) +ALRg+h (a5 −
1
2
a7)
+ASPe+ f (C5 −
1
2
C7)
]}
, (40)
where CF = 4/3 and the color number N = 3.
The parameters ai are deﬁned as follows.
ai = Ci + Ci+1/N (i = 1,3,5,7,9); (41)ai = Ci + Ci−1/N (i = 2,4,5,6,10). (42)
The building blocks Aa+b , Ac+d , Ae+ f , Ag+h denote the con-
tributions of the factorizable emission diagrams, Fig. 2(a, b), the 
nonfactorizable emission diagrams, Fig. 2(c, d), the nonfactorizable 
annihilation diagrams Fig. 2(e, f), the factorizable annihilation dia-
grams, Fig. 2(g, h), respectively. They are deﬁned as
Aki+ j =Aki +Akj, (43)
where the subscripts i and j correspond to the indices of Fig. 2; 
the superscript k refers to one of the three possible Dirac struc-
tures, namely k = LL for (V − A) ⊗ (V − A), k = LR for (V − A) ⊗
(V + A), and k = SP for −2(S − P ) ⊗ (S + P ). The explicit expres-
sions of these building blocks are collected in the Appendix A.
3. Numerical results and discussion
In the rest frame of the ϒ(nS) meson, the CP-averaged branch-
ing ratios for the ϒ(nS) → BcDs,d weak decays are written as
Br(ϒ(nS) → BcDs,d)
= 1
12π
p
m2ϒϒ
|A(ϒ(nS) → BcDs,d)|2. (44)
The input parameters are listed in Tables 1 and 2. If not spec-
iﬁed explicitly, we will take their central values as the default 
inputs. The numerical results on the CP-averaged branching ratios 
for the ϒ(nS) → BcDs,d weak decays are listed in Table 3, where 
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The numerical values of some input parameters.
The Wolfenstein parametersb
A = 0.814+0.023−0.024 [4], λ = 0.22537± 0.00061 [4],
ρ¯ = 0.117± 0.021 [4], η¯ = 0.353± 0.013 [4],
Mass and decay constant
mb = 4.78± 0.06 GeV [4], mc = 1.67± 0.07 GeV [4],
ms  510 MeV [30], md  310 MeV [30],
mBc = 6275.6± 1.1 MeV [4], mDs = 1968.30± 0.11 MeV [4],
mDd = 1869.61± 0.10 MeV [4],
fϒ(1S) = 676.4± 10.7 MeV [28] f Bc = 489± 5 MeV [31],
fϒ(2S) = 473.0± 23.7 MeV [28] f Ds = 257.5± 4.6 MeV [4],
fϒ(3S) = 409.5± 29.4 MeV [28] f Dd = 204.6± 5.0 MeV [4].
b The relation between parameters (ρ, η) and (ρ¯, ¯η) is [4]: (ρ + iη) =√
1− A2λ4(ρ¯ + iη¯)√
1− λ2[1− A2λ4(ρ¯ + iη¯)] .
Table 3
The CP-averaged branching ratios for the ϒ(nS) → Bc Ds,d weak decays.
Decay mode Br
ϒ(1S) → Bc Ds (5.42+0.38+0.64+1.47−0.37−0.60−0.76) × 10−10
ϒ(2S) → Bc Ds (4.28+0.30+0.49+0.93−0.29−0.67−0.48) × 10−10
ϒ(3S) → Bc Ds (4.61+0.33+0.40+0.93−0.31−0.88−0.52) × 10−10
ϒ(1S) → Bc Dd (1.96+0.15+0.23+0.56−0.15−0.22−0.27) × 10−11
ϒ(2S) → Bc Dd (1.38+0.11+0.24+0.29−0.10−0.05−0.15) × 10−11
ϒ(3S) → Bc Dd (1.58+0.12+0.15+0.33−0.12−0.23−0.16) × 10−11
the ﬁrst uncertainties come from the CKM parameters; the sec-
ond uncertainties are due to the variation of mass mb and mc ; 
the third uncertainties arise from the typical scale μ = (1 ± 0.1)ti
and the expressions of ti for different topologies are given in 
Eqs. (A.31)–(A.34). The following are some comments.
(1) Because of the relation between the CKM factors |VcbV ∗cs| >|VcbV ∗cd|, and the relation between decay constants f Ds > f Dd , 
there is a hierarchical relation between branching ratios, i.e., 
Br(ϒ(nS) → BcDs) > Br(ϒ(nS) → BcDd) for the same quantum 
number n.
(2) The relation among mass mϒ(3S) > mϒ(2S) > mϒ(1S) and 
total width ϒ(3S) < ϒ(2S) < ϒ(1S) should in principle result 
in the relation among branching ratios, Br(ϒ(3S) → BcDq) >
Br(ϒ(2S) → BcDq) > Br(ϒ(1S) → BcDq). The numbers in Table 3
show that branching ratios for the ϒ(nS) → BcDq weak decays 
seem to be close to each other, and have almost nothing with the 
radial quantum number n. The reason may be that the decay am-
plitudes are proportional to decay constant fϒ(nS) , and hence there 
is an approximation,
Br(ϒ(1S) → BcDq) : Br(ϒ(2S) → BcDq) : Br(ϒ(3S) → BcDq)
∝ f
2
ϒ(1S)
ϒ(1S)
: f
2
ϒ(2S)
ϒ(2S)
: f
2
ϒ(3S)
ϒ(3S)
 1 : 1 : 1. (45)
(3) Although different wave functions are used for the Ds,d
meson in the calculation due to the mass relation ms =md and 
mDs =mDd , the ﬂavor symmetry breaking effects mainly appear in 
the CKM parameters and the decay constant f Ds,d ,
Br(ϒ(nS) → BcDs)
Br(ϒ(nS) → BcDd) 
|VcbV ∗cs|2 f 2Ds
|VcbV ∗cd|2 f 2Dd
, (46)
for the same radial quantum number n.
(4) Compared the ϒ(nS) → BcDs decay with the ϒ(nS) → Bcπ
decay [28], they are both color-favored and CKM-favored. Only the emission topologies, and only the tree operators, contribute 
to the ϒ(nS) → Bcπ decay, while both emission and annihila-
tion topologies, and both tree and penguin operators, contribute 
to the ϒ(nS) → BcDs decay. In addition, the penguin contribu-
tions are dynamically enhanced due to the typical scale t within 
the pQCD framework [32], and decay constant f D > 2 fπ . These 
might explain the fact that although the ﬁnal phase spaces for 
the ϒ(nS) → BcDs decay are more compact than those for the 
ϒ(nS) → Bcπ decay, there is still the relation1 between branch-
ing ratios Br(ϒ(nS) → BcDs) > Br(ϒ(nS) → Bcπ).
(5) It is seen that branching ratios for the ϒ(nS) → BcDs
(BcDd) decay can reach up to 10−10 (10−11), which might be 
accessible at the running LHC and forthcoming SuperKEKB. For ex-
ample, the ϒ(nS) production cross section in p–Pb collision is a 
few μb with the LHCb [33] and ALICE [34] detectors at LHC. Over 
1012ϒ(nS) mesons per ab−1 data collected at LHCb and ALICE are 
in principle available, corresponding to a few hundreds (tens) of 
the ϒ(nS) → BcDs (BcDd) events.
(6) Besides the uncertainties listed in Table 3, the decay con-
stants can bring about 5%, 10%, 15% uncertainties to branching 
ratios for the ϒ(1S) ϒ(2S), ϒ(3S) mesons decay into the BcDs,d
states, respectively, mainly from fϒ(2S,3S) . Other factors, such as 
the contributions of higher order corrections to HME, relativistic 
effects, different models for the wave functions, and so on, deserve 
the dedicated study. Our results just provide an order of magni-
tude estimation.
4. Summary
The ϒ(nS) weak decay is allowable within the standard model, 
although the branching ratio is tiny and the experimental search is 
very diﬃcult. With the potential prospects of the ϒ(nS) at high-
luminosity dedicated heavy-ﬂavor factories, the ϒ(nS) → BcDs,d
weak decays are studied with the pQCD approach ﬁrstly. It is found 
that with the nonrelativistic wave functions for ϒ(nS), Bc , and 
Ds,d mesons, branching ratios Br(ϒ(nS) → BcDs) ∼O(10−10) and 
Br(ϒ(nS) → BcDd) ∼O(10−11), which might be measurable in the 
future experiments.
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Appendix A. The building blocks of decay amplitudes
For the sake of simplicity, we decompose the decay ampli-
tude Eq. (40) into some building blocks Aki , where the subscript 
i on Aki corresponds to the indices of Fig. 2; the superscript k
on Aki refers to one of the three possible Dirac structures 1⊗2
of the four-quark operator (q¯11q2)(q¯12q2), namely k = LL for 
(V − A) ⊗ (V − A), k = LR for (V − A) ⊗ (V + A), and k = SP for 
−2(S − P ) ⊗ (S + P ). The explicit expressions of Aki are written as 
follows.
ALLa =
∫ 1
0
dx1
∫ 1
0
dx2
∫ ∞
0
b1db1
∫ ∞
0
b2db2 Ha(αe, βa,b1,b2) Ea(ta)
αs(ta)φ
v
ϒ(x1)
{
φaBc (x2)
[
x2 + r23 x¯2
]
+ φpBc (x2) r2 rb
}
, (A.1)
1 The branching ratio for the ϒ(nS) → Bcπ decay is about O(10−11) [28] with 
the pQCD approach.
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∫ 1
0
dx1
∫ 1
0
dx2
∫ ∞
0
b1db1
∫ ∞
0
b2db2 Ha(αe, βa,b1,b2)
Ea(ta)αs(ta)φ
v
ϒ(x1)
{
φaBc (x2) rb + φpBc (x2) r2 x¯2
}
, (A.2)
ALLb =
∫ 1
0
dx1
∫ 1
0
dx2
∫ ∞
0
b1db1
∫ ∞
0
b2db2 Hb(αe, βb,b2,b1) Eb(tb)
αs(tb)
{
φvϒ(x1)
[
2φpBc (x2) r2 rc − φaBc (x2) (r22 x1 + r23 x¯1)
]
+ φtϒ(x1)
[
2φpBc (x2) r2 x1 − φaBc (x2) rc
]}
, (A.3)
ASPb = −2 r3
∫ 1
0
dx1
∫ 1
0
dx2
∫ ∞
0
b1db1
∫ ∞
0
b2db2 Hb(αe, βb,b2,b1)
Eb(tb)αs(tb)
{
φvϒ(x1)
[
2φpBc (x2) r2 − φaBc (x2) rc
]
− φtϒ(x1)φaBc (x2) x¯1
}
, (A.4)
ALLc =
1
N
∫ 1
0
dx1
∫ 1
0
dx2
∫ 1
0
dx3
∫ ∞
0
db1
∫ ∞
0
b2db2
∫ ∞
0
b3db3
δ(b1 − b2)αs(tc)Hcd(αe, βc,b2,b3) Ec(tc)φaDq (x3){
φtϒ(x1)φ
p
Bc
(x2) r2 (x2 − x1)
+ φvϒ(x1)φaBc (x2)
[ s (x1 − x¯3)
m21
+ 2 r22 (x1 − x2)
]}
, (A.5)
ASPc = −
1
N
r3
∫ 1
0
dx1
∫ 1
0
dx2
∫ 1
0
dx3
∫ ∞
0
db1
∫ ∞
0
b2db2
∫ ∞
0
b3db3
δ(b1 − b2)Hcd(αe, βc,b2,b3) Ec(tc)αs(tc)φpDq (x3){
φtϒ(x1)φ
a
Bc (x2) (x1 − x¯3)
+ φvϒ(x1)φpBc (x2) r2 (x¯3 − x2)
}
, (A.6)
ALLd =
1
N
∫ 1
0
dx1
∫ 1
0
dx2
∫ 1
0
dx3
∫ ∞
0
db1
∫ ∞
0
b2db2
∫ ∞
0
b3db3
δ(b1 − b2)αs(td)Hcd(αe, βd,b2,b3) Ed(td){
φtϒ(x1)φ
p
Bc
(x2)φ
a
Dq (x3) r2 (x2 − x1)
+ φvϒ(x1)φaBc (x2)
[
φaDq (x3)
s (x3 − x2)
m21
− φpDq (x3) r3 rc
]}
,
(A.7)
ASPd = −
1
N
r3
∫ 1
0
dx1
∫ 1
0
dx2
∫ 1
0
dx3
∫ ∞
0
db1
∫ ∞
0
b2db2
∫ ∞
0
b3db3
δ(b1 − b2) Hcd(αe, βd,b2,b3) Ed(td)αs(td){
φvϒ(x1)φ
p
Bc
(x2) r2
[
φaDq (x3) rc/r3 + φpDq (x3) (x2 − x3)
]
+ φtϒ(x1)φaBc (x2)
[
φ
p
Dq
(x3) (x3 − x1) − φaDq (x3) rc/r3
]}
,
(A.8)
ALLe =
1
N
∫ 1
0
dx1
∫ 1
0
dx2
∫ 1
0
dx3
∫ ∞
0
b1db1
∫ ∞
0
b2db2
∫ ∞
0
db3
δ(b2 − b3)αs(te)Hef (αa, βe,b1,b2) Ee(te){
φvϒ(x1)
[
φ
p
Bc
(x2)φ
p
Dq
(x3) r2 r3 (x2 − x¯3)
+ φaBc (x2)φaDq (x3)
{ s (x1 − x¯3)
m2
+ 2 r22 (x1 − x2)
}]
1− rb φtϒ(x1)φaBc (x2)φaDq (x3)
}
, (A.9)
ALRe =
1
N
∫ 1
0
dx1
∫ 1
0
dx2
∫ 1
0
dx3
∫ ∞
0
b1db1
∫ ∞
0
b2db2
∫ ∞
0
db3
δ(b2 − b3)αs(te)Hef (αa, βe,b1,b2) Ee(te){
φvϒ(x1)
[
φ
p
Bc
(x2)φ
p
Dq
(x3) r2 r3 (x2 − x¯3)
+ φaBc (x2)φaDq (x3)
{ s (x2 − x1)
m21
+ 2 r23 (x¯3 − x1)
}
+ rb φtϒ(x1)φaBc (x2)φaDq (x3)
}
, (A.10)
ASPe =
1
N
∫ 1
0
dx1
∫ 1
0
dx2
∫ 1
0
dx3
∫ ∞
0
b1db1
∫ ∞
0
b2db2
∫ ∞
0
db3
δ(b2 − b3)αs(te)Hef (αa, βe,b1,b2) Ee(te){
φtϒ(x1)
[
φaBc (x2)φ
p
Dq
(x3) r3 (x¯3 − x1)
+ φpBc (x2)φaDq (x3) r2 (x2 − x1)
]
+ φvϒ(x1) rb
[
φaBc (x2)φ
p
Dq
(x3) r3 + φpBc (x2)φaDq (x3) r2
]}
,
(A.11)
ALLf =
1
N
∫ 1
0
dx1
∫ 1
0
dx2
∫ 1
0
dx3
∫ ∞
0
b1db1
∫ ∞
0
b2db2
∫ ∞
0
db3
δ(b2 − b3)αs(t f )Hef (αa, βe,b1,b2) E f (t f ){
φvϒ(x1)
[
φ
p
Bc
(x2)φ
p
Dq
(x3) r2 r3 (x¯3 − x2)
+ φaBc (x2)φaDq (x3) {
s (x¯1 − x2)
m21
+ 2 r23 (x3 − x1)}
]
− rb φtϒ(x1)φaBc (x2)φaDq (x3)
}
, (A.12)
ALRf =
1
N
∫ 1
0
dx1
∫ 1
0
dx2
∫ 1
0
dx3
∫ ∞
0
b1db1
∫ ∞
0
b2db2
∫ ∞
0
db3
δ(b2 − b3)αs(t f )Hef (αa, βe,b1,b2) E f (t f ){
φvϒ(x1)
[
φ
p
Bc
(x2)φ
p
Dq
(x3) r2 r3 (x¯3 − x2)
+ φaBc (x2)φaDq (x3) {
s (x1 − x3)
m21
+ 2 r22 (x2 − x¯1)}
]
+ rb φtϒ(x1)φaBc (x2)φaDq (x3)
}
, (A.13)
ASPf =
1
N
∫ 1
0
dx1
∫ 1
0
dx2
∫ 1
0
dx3
∫ ∞
0
b1db1
∫ ∞
0
b2db2
∫ ∞
0
db3
δ(b2 − b3)αs(t f )Hef (αa, βe,b1,b2) E f (t f ){
φtϒ(x1)
[
φaBc (x2)φ
p
Dq
(x3) r3 (x1 − x3)
+ φpBc (x2)φaDq (x3) r2 (x2 − x¯1)
]
+ φvϒ(x1) rb
[
φaBc (x2)φ
p
Dq
(x3) r3 + φpBc (x2)φaDq (x3) r2
]}
,
(A.14)
ALLg =ALRg =
∫ 1
0
dx2
∫ 1
0
dx3
∫ ∞
0
b2db2
∫ ∞
0
b3db3
Hgh(αa, βg,b2,b3) E f (tg)αs(tg){
φaBc (x2)φ
a
Dq (x3) (x2 + r23 x¯2) − 2φpBc (x2)φ
p
Dq
(x3) r2 r3 x¯2
}
,
(A.15)
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∫ 1
0
dx2
∫ 1
0
dx3
∫ ∞
0
b2db2
∫ ∞
0
b3db3
Hgh(αa, βh,b3,b2) Eh(th)αs(th){
φaBc (x2)φ
a
Dq (x3) (x¯3 + r22 x3) + φaBc (x2)φpDq (x3) r3 rb
− 2φpBc (x2)φaDq (x3) r2 rb − 2φ
p
Bc
(x2)φ
p
Dq
(x3) r2 r3 x3
}
,
(A.16)
where the mass ratio ri = mi/m1; x¯i = 1 − xi ; variable xi is the 
longitudinal momentum fraction of the valence quark; bi is the 
conjugate variable of the transverse momentum ki⊥; and αs(t) is 
the QCD coupling at the scale of t .
The functions Hi are deﬁned as follows.
Hab(αe, β,bi,b j)
= K0(√−αebi)
{
θ(bi − b j)K0(
√−βbi)I0(√−βb j)
+ (bi↔b j)
}
, (A.17)
Hcd(αe, β,b2,b3)
=
{
θ(−β)K0(
√−βb3) + π
2
θ(β)
[
i J0(
√
βb3) − Y0(
√
βb3)
]}
×
{
θ(b2 − b3)K0(√−αeb2)I0(√−αeb3) + (b2↔b3)
}
,
(A.18)
Hef (αa, β,b1,b2)
=
{
θ(−β)K0(
√−βb1) + π
2
θ(β)
[
i J0(
√
βb1) − Y0(
√
βb1)
]}
× π
2
{
θ(b1 − b2)
[
i J0(
√
αab1) − Y0(√αab1)
]
J0(
√
αab2)
+ (b1↔b2)
}
, (A.19)
Hhg(αa, β,bi,b j)
= π
2
4
{
i J0(
√
αab j) − Y0(√αab j)
}
×
{
θ(bi − b j)
[
i J0(
√
βbi) − Y0(
√
βbi)
]
J0(
√
βb j)
+ (bi↔b j)
}
, (A.20)
where J0 and Y0 (I0 and K0) are the (modiﬁed) Bessel functions of 
the ﬁrst and second kind, respectively; αe (αa) is the gluon virtu-
ality of the emission (annihilation) diagrams; the subscript of the 
quark virtuality βi corresponds to the indices of Fig. 2. The deﬁni-
tion of the particle virtuality is listed as follows.
αe = x¯21m21 + x¯22m22 − x¯1x¯2t, (A.21)
αa = x22m22 + x¯23m23 + x2x¯3s, (A.22)
βa =m21 −m2b + x¯22m22 − x¯2t, (A.23)
βb =m22 −m2c + x¯21m21 − x¯1t, (A.24)
βc = x21m21 + x22m22 + x¯23m23
− x1x2t − x1x¯3u + x2 x¯3s, (A.25)
βd = x21m21 + x22m22 + x23m23 −m2c
− x1x2t − x1x3u + x2x3s, (A.26)βe = x21m21 + x22m22 + x¯23m23 −m2b
− x1x2t − x1x¯3u + x2 x¯3s, (A.27)
β f = x¯21m21 + x22m22 + x¯23m23 −m2b
− x¯1x2t − x¯1x¯3u + x2 x¯3s, (A.28)
βg = x22m22 +m23 + x2s, (A.29)
βh = x¯23m23 +m22 + x¯3s −m2b . (A.30)
The typical scale ti and the Sudakov factor Ei are deﬁned as 
follows, where the subscript i corresponds to the indices of Fig. 2.
ta(b) =max(
√−αe,
√−βa(b),1/b1,1/b2), (A.31)
tc(d) =max(
√−αe,
√|βc(d)|,1/b2,1/b3), (A.32)
te( f ) =max(√αa,
√|βe( f )|,1/b1,1/b2), (A.33)
tg(h) =max(√αa,
√
βg(h),1/b2,1/b3), (A.34)
Ei(t) =
{
exp{−SBc (t)}, i = a,b
exp{−SBc (t) − SDq (t)}, i = c,d, e, f , g,h (A.35)
SBc (t) = s(x2, p+2 ,1/b2) + 2
∫ t
1/b2
dμ
μ
γq, (A.36)
SDq (t) = s(x3, p+3 ,1/b3) + 2
∫ t
1/b3
dμ
μ
γq, (A.37)
where γq = −αs/π is the quark anomalous dimension; the explicit 
expression of s(x, Q , 1/b) can be found in the appendix of Ref. [8].
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